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The state of stress of a finite-length, hollow cylinder subjected to an axi~-
symmetric load distributed over its entire surface is investigated. The case
of a relatively thin cylinder is studled. The accuracies of existing applied
theories are examined using the three-dimenslonal solution as a basis. A
method of constructing more accurate solutions is given.

1. S8oclutions of the homogeneous equations for a hollow cylinder., Consi~
der the axisymmetric deformation of a hollow, isotropic cylinder bounded by
coaxial circular cylindrical surfaces having radii R, and R, and by the
planes z =1 and 2z = — ! (see Pig.l). Initially, assume that the cylinder
is loaded only on the end faces, T, . In terms of dis-
placements, the equilibrium egquations are (1.1)

1 00 1
= TAw=0 T—2v

Here

7

20 1

dw du u 92 02 1
b=t T Aemtmtra
Consider the solutligns of the homogeneous eguations
of system (1.1), i.e. solutions in the absence of any
loading on the cylindrical surfaces 7 = R, and R,
These solutions, which were first obtained in [1], may
be found by setting (*)

u=a(r)dm/dz, w=>b(r)m(z) (1.2)

*) The method described here for constructing sclutions to the homogeneous

equations 1s also applicable, with some modifications, to the nonaxisymmetric
case.
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1220 WA, Basaronko and 1.1, Verovich

provlided that the function m(z) satisfles the condition

d*m(z) / dz* — p®m (z) = 0 (1.3)
is a parameter which will be determined in satisfyling the bound-
ary conditions on the cylindrical boundary T, .

Substituting Equations (1.2) into (1.1) and taking 1nto account (1.3), we

obtain " 1, 2(1—w . a'nl
m(z)[b + o v)bpz 15y @ W+ 1 2v ra;ﬁ]—()
1—2v 2 (1.4)
m (z)[ T4+ 2 —w) ap mm—a+ 2(1-—v) ] 0
It 1s readily seen that the general solution of Equations (1.4) is given
vy alr) = Ap N, — A0S, + ApY, — AgY, w.5)

B(ry= —AJ, -4, 141 —v)J,— &/, ] —
— AgY, -+ Ag 41— Y, — &yl
Here Jy; = Jy (§),Jo=Jy(E) anda YV, =Y, (§), Y, =Y, (), are Bessel
functions; & = ur ; while 4, (¢ =1, 2, 3, 4) are constants. In order that
the solution (1.5) be defined for u = O as well, set A,= 4,"3%. Knowing
a(r), ®(r) and m(x) , we can find the displacements u and w as well as
the stresses v, 0, 0 and T,.; thus

u=m(2) & [AW— L8+ AsY  — ALY (] (1.6)
=m (z) {— Ay + A [4(1 —v) J;—EJ1] — AsY (+ A [4 (1 —V) ¥V ;— Y.}

07 == I—f_—\;m’(z){wa-}g'{* 4;12Q—w)J— 8] —
— A+ A 22—V Y, —EY ]}

°r*1+vm <z>{41(1 *—L)+A2{§JI~— (1 —2v)J,] +

+ As(Yo— 1 Vi) + A [8¥: — (1 —29) Y1}
(1.7

G0 = s E ' (z)[Al i+ Ay (2v— 1)JO+A3%Y1+A4(2V«—-1)YO]

Mmggmwu&a+%mwwnhwya+
+A4gY 1+ A2(v—1)Y, —EY 1}

The constants 4, through 4, are found from the boundary conditions
or Ry, 2) = 0, Tra( Ry, 2)=10, o By 2) = 0, 10(R,, 2) = 0 on 1y (1.8)

Substituting the expressions for ¢, and T, from {1.7) into (1.8}, we
obtain a system of linear algebraic equations in 4,, Az, 4., * and 4. . This
system will have a nontrivial solution if the determinant of the coefficients
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vanishes.

This results in the following characteristic equation in u :

Ap) = pH{[E7 4 2 (v—- DI +2(v—1)] L2+ E.%822Ly" +-
T+ 20— D8 Lo + [62 4 2(v— 1) §2L0* —
“4("—1)—%12—&22} =0 (1,9)
(Ljx=J; (&) V(B — Jy (B Y (51), E1=pRy, Ea=pRy)

The transcendental equation (1.9) determines a countable set of parameters
My » btogether with the corresponding constants Ak Aax, Azx and Ay the
algebraic interrelationship among which is thus dependent on the character-
istic determlinant.

The first set of constants may then be written as

Ay ={[E+2(v—1) 8T Y (&) (il —2(v—1) Lis} 4+ &Y (B2) [E1Lyo—
—2(v—1) L] +2(v—1EETTY, (E) + [ +2(v—DE Y (E)} 2
A= {[Ea+2(v—1)E Y (B2) L1y + B2V o (Ee) Loy — Ei82 'Y (B1)} 2 (1.10)

Az=—{[Ea+2(v—1)E"] J1(E2) [B1lgn — 2(v—1) L] + &2/, (&2) [E1Ligo —
—2(v—1) L] +2(v—1) EE V(B + (B + 2(v—1)E )1 (B} Q
Ay = —{[Ea+ 2(v—1)Es ") 1 (82) Lux + EaJ o (B2) L1y — BaBa ™'/, (1)} 2

Here, 0@ 1s a certain normallizing factor, and the Index k& has been omit-
ted.

2. Analysis of the roots of the characteristio equation. Let us examine
the behavior of the roots of Equation (1.9) when R,-~ R, . For convenience,
we introduce a new parameter y = uR, and set ¢ = (R,— R, )/R,, whereupon
Equation (1.9) takes the form

RO (1, e) = VR {1+ 2(v—1]Ir* (L + e +2(v—1)] L* +
+ i F e Ly + [+ 2(v— D17 (1 + el Ly +
L e +2(v—1)] 1 Lo —4(v—1)—T2—72 (1 + 2} =0 (2.1)

It is immedlately clear that yo= O 18 a double root of Equation (2.1).
We will now prove that all remaining roots y,~= (k =1, 2, ...) when
€ - 0 . The proof 1s obtained by contradiction. Assume 1nitially that
Yk — yk* 5= oo when g — (. Then, in the limit O (yx, £) — €20, (yx*),
where @0 (Yk*) is independent of ¢ . Thus, the 1imit values of the set of
roots vy, as e = O are defined by Equation O, (yx*) = 0. In the case
under consideration, B, (yx*) = 4 (v® — 1), so that the assumption with
regard to the existence of bounded roots is untenable.

Let us define more precisely the way in which the roots vy, go to « as
e+ 0. Let o= ey,. Then, in principle, as ¢ -~ O the following limit
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relations are possidble: 1} q,~ 0, 2) q,- const , 3) qg,~ = . As previ-
ously shown, y,~ « when ¢ - 0 , so that, by utilizing the asymptotic expres-
sions for the Bessel functions, Equation (2.1) may be written as

—7  8y—78i020, gyt gy._.qsin?a
— L2 2 . L
R1R {[sm Oy ——og®l + & [ 7 4+ 3 2 3 2 +

8v—7 8y.—78in20;  gy2__ gy qsinta
3l __ . — k _
+8[: 7 5 a . a3 }4_..‘}_()

(2.2)

In the first case mentioned above, a,~ O when ¢ - 0 , Making use of
this property of small o, and ¢ , Equation (2.2) may be written as
TRORT {[— s + ¥asa® + -]+ AV — 1) — s (V —1) +
+ Yoo (16v2 + 8v—23) + -+ - |+ ¥ [— 4 (V2P —1) + Y342 (V2 — 1) —
— 1gg ot (162 —+—8v»—~—23)+--- + 3 =0 (2.3)
Prom Equation (2.3), we obtain the asymptotic expansion

8
sz-v,—i:?, 8k =TYox + T+ v+ -+, Ta' —12(v¥—1)=0 (2.4)

3 1 i
Tik = —*(1“"'92)““— — Yok
Yor 4

( 229 1

. (2.5)
2100+15 +16800 >T°"+E("2"‘"1)E{k‘

Tak

Now let us examine the second case, g,- g, When ¢ - 0 . In this case,
it 18 readily seen from {2.2) that ¢, satisfies the Equation
A (510 ctgg — otgi®) = O (2.6)
ok
It is important to note that Equation (2.6) actually coincides with the
equation deflning the exponents assoclated with the edge effects in the
theory of plates given by St.Veneant [2 and 3]. Since Equation (2.6) has
a countable set of roots, Equation {(2.2) also has a countable set of roots such
that y,e - const , when ¢ ~ 0 . A more precise evaluation of the roots
under consideration may be obtained by means of the expansion

A
Te= —; Ax= Ok + €28k + %855 + - - -, ;So—i; (sin? §gr — 8i?) = 0 (2.7)

&
2 (1 —v?) 7T-—8v
2k = Sin2§ok—*260k ) 1660k ’ 6876 = "‘627( (28)
We will show that the third case cannot exist. Indeed, from (2.2) it is
clear that if ¢ -~ 0, it 1s impossible to satisfy the asymptotlc relations
sinfq, ~ a,® for a, continuously tending to infinity.

The preceding analysis shows that the characteristic equation (2.1) has
three groops of roots:

1) The double root vye= 0 , which is independent of ¢ ;

2) Pour roots vy, which are defined by Formulas (2.4) and (2.5) and
which increase like 1//¢ &8s e — 0 ;

3) A countable set of roots defined by Equations (2.7) and (2.8) and
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increasing like % as ¢ ~ 0 .,

3. Analysis of the state of stress and deformation corresponding to each
group of roots. G roup (1) . Corresponding to the double root vyo= O,
(3.1)

we have mq(2) = 17 i"v z, a(r)y= —vr, b(ry=1

The displacements and stresses are glven by
1 r BN

W~le AOC <p:= IT;, ; —Rl} (3.2)

6;=2G4, =0, =0, 1,=0 (3.3)

are nondimensional coordinates, and G 1s the shear
corresponds to pure exten-

This state of stress 1s pro-

h%
u = _Rl onp:

Here, p and ¢
modulus. Thus, the first group of roots
sion 1n the direction of the axis of symmetry.
pagated without attenuatiocon into the interlor region of the shell,

The function m,(z) 1s obtained from Equation

vo= O

Group (2).
my” — 7 [ Ri*my = 0 (e=0;/Ve)
Whence,

where 6, 1is as given in (2.4).

6,C — 8,
mx(z) = Ry (Exexp =+ Nyexp—X ) (3.4)
Ve Ve
where £, and N, are constants of integration which are determined from the

boundary conditions on the end faces I'; .

u (7, 2) = u; (11p, T18) + ua (Vap, v28) 3.9)
w(r, z) = w; (710, 718) + wy (Vap» 720)

G (ry 2) = 0z (Y1 Y18) + 022 (Y20, ¥20)

0r (7, 2) = 0n (Y10, 118) + Gra (Vap, 720)

o (r, 2) = 0oy (Vap, ¥18) + 0oz (Yap, VsL) (3.6)

Trz (I‘, 2) = Trn ('le, 'Ylg) + Trza ('sz y TzC)

In Expressions (3.5) and (3.6), the quantities uy, Wg, Ok, Ork, Ook
and Tpzx, 1.e. the displacements and stresses corresponding to the root of

the second group vy, , are obtained from (1.6), (1.7), (1.10) and (3.4) upon
Bi=Tr Ea=mTr(1de), Q=1dVe
vy for which Ref{y,}> O .
e , we

setting p‘ = Yk/-Rly g - ’Ykpr

The summation is carriled out
Expanding the solutions for the
obtaln the followlng asymptotic

over those roots
second group for small values of

expressions:

dm.* 2 N .
mi(z) = Ry [mk' + ﬁ@’l’lk-dﬁn'-‘; +e %Tufmk + (3.7)

+ e V3—<%le3+ CTzk)d—:'%-F ]
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, Tor | dm* ] e . T, dm, *
w0 = [ VR e 25 S G
-7 F3 . v 2
+eVe {% Tis® + LYax -+ § r;:} }"?k* S }
/ _ K. ke — Tu‘
( mk*_Lheﬂk+ Nye-vks Ty ,i_/‘g ;)
g =mp (D) RV e[—40v —~1)] e Vel2(v—1)(3—v) +
+ 2 (v—1)r, — 4o + V(s -+ Yo r B el + -0} (3.8)
wy = m (2 Vel4(v—1) v+ 2y (v—1) ro] 4 8 Ve [2v (v —4) -
+(V+1)("03'_“3"0)"’“(Vz““i)("ug“P' Flsre) + (3.9)

-+ (V+ 1)70k2(_"7/6 + ro”‘—l/2r02)*’70k2(3/2 + 3ru+ 1/27'02)](\’“‘1) + }

Trax = 2Gmi (2) Ry (Ve l6 (v — 1) (r — 1)] +
+eVel(v—1)(rd — 1) (1 —Yyry) + (L —r2) (4 + Yary) +
+ o (1 — 1) (ag + Yz 7)1 3 (@ — 1) + - -} (3.10)

6ok = 2Gmy’ (z) (Ve [— 27onr) + & Ve [(v2 —1) (s 1o + 2r%) —
—(v—1) (e + Ty 1;’27"02) Yor® + (e -+ 3ry + e 7'02) Yo'l + - -} (3'“)

Gor = 26my’ (2) {Ve[— & (v — 1) — 2vyptry] + eV e [2(vE — 1) (b—v) +
+2(V—1) A+ 31V ro + (VP — 1)1 — a1’ + Yo v (Tv — 1) Yo -+
+ v (& —V) 10’y + 2 v (L + V) Yot r il + -} (3.12)

Gri = ZGmk’ (Z) {3]/;{(\’2—‘1) (?‘0~—~I‘03) + l/zv'l'okz (1 __...;-02)1 + - ‘} {313)

Here, the new coordinate 7r, 1s measured from the middle surface. Its
relationship to £ 1s glven by

o =1 4 e (1 + ry), — 11 (3.14)

Prom Expressions (3.7} to {3.13}, it can be seen that, when ¢ 1is small,

Uys G,y 8Nd Oy, are of the order of unity; w, and r1,,, are of order Ve ,
while o,., 1s of order ¢ .

Thus, the solutions corresponding to the second group of roots represent
edge effects which decrease towards the interior reglon of the shell like
exp{~ 6, n//c), where =n 1s the distance from the end face T, measured along
the normal to the face.

To clarify the pattern of the stress distribution which corresponds to
the group of roots under consideration, we will determine the stress result-
ant and moment resultant due to the stresses at a section { = const

R, R,
Py+ iTx =\ G+ impa)rdr,  My= ) sonrdr

R, Ry
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from which we obtain
my (s} 1,7

P}c == 0, 7 = Wr 7{1_,.

Wy

(3.15)
My = 2Gmy’ (z) R {&* ? el—"svon’] —

+83 T (5 (6 — 1) o Yo (B— )]+ -+ -} 0
Thus, 7, and ¥, are of order ¢/¢, and ¢, respectively. Hence it 1is
possible, with the aid of the foregoing computations, to ‘remove the stress
resultant and moment resultant due to a given system of stresses by appro-
priately loading the end faces, i.e. we can obtain

R, R,
S T, rdr = 4, \ o,7%dr =0
b3 i

Group (3). The finction m, (x) must be such that
my" — | R®my, =0 (1,=¢7Ap)
where A, is as given in (2.7) and (2.8). Thus,
mp (2) = Ry [Ep* exp (e75Ap) + Ny* exp (— e'LAp)]  (3.16)

The displacements and stresses are obtained here by means of Formulas
(1.6), (1.7), (1.10) and (3.16) 1in which vy, 1is the corresponding root in
the third group for which Re{y,} > 0 and 0 =y, . The states of stress
corresponding to the third group of roots represent edge effects which dew
crease towards the interior of the shell like exp{— ¢ 'na,). Expanding the

solutions of this group in powers of the small parameter ¢ , we obtain the
followlng asymptotic axpressions:

»

dm, * 2 dm
my (z2) = R, [Mp* ~+- 8%;:@%7;%: 4 g2 (mp* %_ dep? -+ ési,‘g_a_xﬁ..) F. ]

P

4§ dm, *
m;)' (Z) - %’[ da’: + Sézpcmp* +

dm. * 2 dm. * & .
2 p S5 24 “Tp Ow . e
+e ( T 8952 + B By +mp63p§)+ ]
i}
(mp* =EjreMr+ N*e*p, A, = % l;)

up = my (z) By (uope® + uipe® + -+ ), Wy = My (2) (Wop + wype? 4+ )
6.0 = 2Gmy’ (2) (Go0p + G198 ++ )

Trep = 2Gmyp (2) Ry (Trpop + Tra1p® + )
(3.18)

oep = 2Gmy’ (2) (Goopt + Ge1pe® +- - +), Srp = 2Gmy’ (2) (Srop® +- Gripe®+++*)
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sin 28,

T {cont.)
I"’O?z{ 250pp f1+?'£wg\?%g—}slxlég}prl+

1 28, 2 .
+ { - \/ {S; —%’“ *g{;’;) —— 50;;?‘1} cos 5{)@?‘1

()P

sin 28, 2 1 " 2
e | o e . LRSI
Uyp == [ 2502) ()"1 +‘ ] ) + 601‘;2 + 5 3 +
sin 2&

sin 28,
~§~(v——1}(-—8~;§?~+2- 5. )+ 20— 72 | sin Soprs -+
sin 28 sin 28
~+ [SL;G 2” ry+ 7y - "‘“‘"50;;‘%‘{"’ }( ;m -+

. g sin 2«3 A ) 65;' (v — 1)2]005 Bop™
wip =[5 1 — i+ (v—1) (Sm o1 2)] sin b+
-+ [w %sin 28pp — 110pp — 2{v—1) ng] cos dopry
o= = T = it bt (o )+ 1) (T
— é‘% +1— ry)]sin 8oy -§~{sin 2805 (5 + T) + Sun{ o+ ) +
+(v—1) ( 3 o 2§6p + 5 53 + 280p — r:ﬁ@)} €03 Bopry
sin 28,

- ‘—rlﬁopﬁlSin 601)7'1 +

+ {“ &Siﬁ Zésp - 26{)3’)“‘“3'1&&;}} €08 6013"1

6201) B [—“ 2601)

2
Sap = [m;éz " (1 4 1) gk St (ra )
-+ (v—1) (sm op Py 2)] sin Sgpry -+ [ 311;62{5“ + sin 280, { + r; ) _
op
sin 26

....260;) + 6 -+- 60:0( S Lzl')+ (’V — '1)(“” 60:92 *{W é‘;; e 27’1601;)}003 60@7’1
Trzop = [:2}- 6;};) sin 25{;33 — égpz (i e r;)} sin égp}‘; —;(?‘1&993 $O8 543;;7‘1

2
Tpatp = {-- Sop 5in 28y (r—g + W>___, 1 -+ 8% (1 + no_ “2“) +
*“}'* ('V — 1) (27'1601; e 0)]Sin 60131'1 4'{"
-} {_..,S,n 284p + 80, {rl R } 4 {v — 1)y rysin 2%;;} c08 Sgpry
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6 {cont.)
Gro [ - OD + 60}72]‘1 —_ 1-} Sin 60}}7'1 + [Ezi Sin zbop + ]'laap‘l cos éoprl
01) - }
- sin 28 rd
Grip = L— %5, 2 (ri—1) +—‘*“ Bop® ( 1 'iT)_‘
~5
_...(V——l)q“’l 1‘151“ 501;7'1 “}“
UP

+ [«—- siri 280p (—} + I ) + 8o { / AR %—} 4+ 2r (v—1) éop] cos 8opr1

in 28
Coop = (—'\7 ﬂ%“—(mm)' — 2V> sin 601)7'1 + 2v 6017 (k] 60pr1
28 sin 28 sin 2§
Gorp = {Sm P (1 4r)+2r +(v—1) < o + = o Opop — 5+ rl)
- sin 26 1
.__4(’\?——*1)2] sin 60p?1 + L—* -—2——5—%)-—260;, (1 —Trf'l) + '8-0-;‘—‘ (3.19)
sin 26 7 sin 280 1
— 2 (v — Op — e 28y, — 0 )
(v—1) e 50 + (v 1)( 5, 5oy dop oprlﬂcos op”1

Here 7, 1s a new coordinate, measured from the inner cyllndrical surface
p=1+er;,  (O<H<Y) (3.20)
¥rom (3.17) o (3.19) we note that the displ: =ments u, and w, are of

order ¢ and the stresses  Ozp, Trzpy Uop and .., are of the order of
unity.

Uoyp
be

If we refer back to the coordinate r, , measured from the middle surface,

and T,,,, will be even functions whille w,;, Grops Ue,p, and o,,, will
odd functions of r, when

(A4 8op = 8in Ogp (3.21)
On the other hand, u,, and T,,,, will be o’ functions while w,,,

O, 4ps Osop and 0o,,, Will be even functions of r, when

(B)  dyp = — sinOop (3.22)
From the above, we find that the roots Op = 2 (Ggp/ & + Ogpe + . . .)s

for which the relations (sin 20,p — 20,p) / 0gp°=0C, hold, correspond to
solutions representing primarily shell bending, whereas roots

@y

== 2 (wgp / & + Wp€ -+ . . .), for which the relations

(Sin 2(!}(3}3 + 2(1)Qp) /l(g) on — 0,

hold, correspond to solutions representing primarily extensional deformations

of

the sell, Thus, we have

for group (A)
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Ugp = — 2(v—1) 69p™! €0S Gop €OS Ggprg — SiN Sgp COS GopTg + 7o SiN SopT, €OS Gop
Wop = 2 8iN Gopry (COS Gop — Sgp SiNt Ggp) — 2roSop COS GopT'y COS Gop +
~+ 4 (v — 1) sin 6457 COS Gop
G:0p = — 2811 GopTp €OS Gop— 20gp SN Ggpl'o SIN Gop— 27 Gop COS Gopro COSGep (3.23)
Trz0p = — 4Gop® €OS Ggprg SiN Gop + 460p2rg SIN GgpTg €OS Gop
Spop == 2T¢Ggp COS Goply COS Sop — 28iN GepTo (COS Gop — Gop SN Sop)
Soop = — 4V Sin Sepry COS Sop
for group (B) (3.24)
Uop = 2 (v — 1) top ™! 51N @gp SIN @opry — SIN WepTy COS Wop —+ g COS Wyplo SIR Wop
Wop = 2 COS WopTy (SIN Wop ~+ Wop COS Wop) + 27¢Wep SIN WopTp SIN Wop +
+ 4 (v—1) cos @opro sin @op

Gr0p = — 2 €OS WopT'y SiN Wop + 20gp COS WopT'g COS Wop + 27oWop SN WopTo SiN Wop
Traop = — 400p® SIN ©gpro €OS oy, - 4®4p%ry €OS WepTy SIN Wop
Orop = — 2ToWop SIN WopPo SiN op — 2608 Wepry (SIN Wep -+ Wop COS Woy)
Sagp = ~— 4V COS Wgpl'o SN Wop
Now let us examine the stress resultants and moment resultants at a sec~
tion ( = const . Thus (3.25)
w © my,(2) 1t
P, = ordr=0, M,= § ordr =0,  Tp=-2 "2 pr)
. m.’ (z) Ry
4 . P
sin 28 2cos § 2sin 8 9
— 4 3 lp4 0 op op
My =2Gmy' (z) Ry {3 {"‘ 5% ] 53 3 7+
op ap ap op
sin 2§, 2cos & 2sin & 2
P op op
+(V""‘1)("" 5.1 + 5.3 + § 31 7% a)]’|‘
op op op op
Les 9 sin 28, 3cos 8,y sin 8y
8 ——— —
[ Bop® Sop* op’ Sop'
sin 28, 3cos §, 3sin §; 4 4
+("'—1)( § 410“" 5 sp“" 3 4p"" s)"‘"ﬁ 8(\)«—-—1)“]—{-“-}
op op 0p op op

It is apparent from {3.25) that 7, and ¥, corresponding to the root o,
are of order ¢® and ¢*, respectively, whereas those corresponding to the
root w, are of order ¢® and ¢®, respectively.

Thus, & given system of stresses at a section (¢ = const can be taken to
vanish with accuracies of ¢? and ¢ for the stress resultant and moment
resultant,; respectively.

All of the foregoing provides & basis for the conclusion that the edge
effects of applied shell theories correspond to the second group of solutlons.
The third group of solutions represents edge effects of the St. Venant type,
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which are completely absent from the Kirchhoff theory.
From the preceding investigations, we may draw some conclusions concerning
the accuracy of applied shell theories.

1) The Viasov theory [4])]. Por axisymmetric deformation
we obtain the relations

*w ou J O A—v R h?
ST — = g RX (¢ =grr+ R=05R+R)) (.26)
AP A i) Ny LV o

ar — ¢ ots +¢ agt +l+Hu=— Eh RZ

Here, wu 1s the radial displacement of a point on the middle surface ;
w 1s the displacement aleong the generator ; X and Z are the tangential
and normal components of external loading.

The corresponding characteristic equation is given by
(1 —v?) 4 &2 (Y12 + Yev12 + 127?) + 3 (— Y19 —Vevy® — Yhat?) +
+ et (Y + Y vt Yt 4+ . L o= (3.27

From (3.27), we obtain an expansion of the exponent assoclated with the
edge effect for the shell theory under consideration

ak
Tk:TV—E' O =Tox T ETgt oo

1 v 1
70k4_ 12 (vt —1) =0, Tip = TTOK -5 ?o—k' (3.28)

2) The Darevsk11 theory [5]. The characteristic
equation in thls case is

12 (1 — v3) y4 -+ o2 [(4 — 3v2) y& + 2wy +

+ ¥+ e [(3vE —4) yt —2vy® — 8l ... =0 (3.29)
from which we obtain the expansion of the exponent associated with the edge
effect ak

= Yz’ O =Yor + &1+ -«
1 v 1
Tot —12(v2 —1) =0, 1,,= % Tok— Tﬁ (3.30)

Comparing Equations (3.28) and (3.30) with the exact expansion (2.4%) and
(2.5), we find that the first terms coincide, but subsequent terms differ.
The same conclusion is obtained for all other cylindrical shell theories.

Thus, an analysis of existing shell theorlies shows that they approximate
the second group type of stress with first order accuracy, but none of them
can make any claim to second order accuracy, since in none of these theories
does the second order term colnclde wlth the exact value given in Formulas
(2.4) and (2.5).

4. 8Satisfaoction of the boundary oonditions on the end faces of the
oylinder using the solutions to the homogensous equations. We will now study
in detail the problem of balancing the system of stresses on the end faces
I’y . Assume that the stresses on the end faces CI-F and (;= —-}% are

1 2
given by 0., Trz1 and O,g, Trzg s, respectively. Whereupon it 1s sufficlent
to consider the followlng cases :

1) The loading is symmetric about the plane { = O

Gz1 = Cy2, Trz1 = — Try2
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2) The loading is antisymmetric about the plane ¢ = O
Gz1 = — Oy, Trz1 = Tre2
In the first case, we can set my={ , m,= sinhy,,; in thc sccond-case,
we take m = coshy,{ . The development will be confined to the first case,
since the results with regard to the second case can be obtained from the
first case by replacing sinhvy,{ wilth coshy,{ . As a preliminary step, we
will obtain the solutlon correspcnding to pure extension in the ¢ direction

4 .
w= ’—«1_\;\,311109, w= Rli «}-ov £,0,=2G4p, or=0=1,=0 (4‘1)
R, By

4o = g5y \ owrdr,  So={ rar
Ry R,
The remaining self~equilibrating system of normal stresses will be desig-
nated as o,," i' By
S =6, — 3-,;)-‘; 6ar dr (4.2)
3

We seek a general solution to this problem of the form

2 o0 o0
= é}l ux (140, k) B + kgl u (9P, o) C+ 2 ux (w40, @il) D
2 ) oo (4_3)
W= kE_ﬂ Wy (1x0, Txb) By + kzml wy (oxp, oxb) Cx + kE}wx (0P, wxt) Dy
2 oo o0
6, = x2=1 Sk (TP, TiL) By -i-kglﬁzk (oxp, oxk) Cx +}§1 621 (00, 0xL) Dy
2 [o'e] o
Gp = kE:X er (1x0, TxL) Bk +k§15“k(5“9’ oxt) Cx +k21 Gox (@0, 0xL) Dy
. (4.4)

G = 21 Sk (TP, Til) B + kglcrk (oxp, oxl) Cx + ;?‘-;1 Gy (P, 0xL) Dy

2 © <
Ty = kglfrzk (740, TsL) By +§1'trzk(dk§)s oxk) Cx + Kgifrzk (oxp, @xt) Dy

Here B,, ¢, and D, are constants to be determined; vy, are roots of the
second group; ¢, and w, are roots of the third group having expansions
whose first terms are glven, respectively, as

(sin 200 — 200%) / Gox® = 0, (sin 2aq ~+ 2wqx) / @gx = 0.

To determine the coefficlents B, €, and D, , we make use of Lagrange's
principle of virtual displacements, using the above terms as generallzed
displacements.

In the ceose at hand, the soclutions of the homogeneous equations satisfy
evactly the equilibrium equations and the boundary conditions on TI;., so
that the principle of virtual displacements ylelds:

R, R,

(0.0 +1,.8u) rdr = \ (5,178 + T,.10u) rdr (4.5)

R; R,
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The preceding equation yields an infinite system of linear slgebraic
equations

2 oo [o]
21 Bol (i 1o) + 2 Col (1, 63) + 3 Dyl (v, 05) = = T (1)
p=1

p=1 =1
(k=1,2)
2 {=e] [oe] 1
2 Byl (ok, 7o)+ Z Cpl (o, op) + Z Dyl (ok, wp) = “Q‘G‘T (ox) (4.6)
=1 p=1 p=1

k=1,2,..., 00)
oo

2 0
D Bol (@, 1p) + 2 Col (@1, 6) + 2 Dyl (04, 0p) = o T (@4)
p=1 =1

p=1 p

(k=1,2, ..., o)

Equations (4.6) contain the following notation:
I (Y 1) = Q (Tr, o) {1 — V) (v — 1) MiuM ; +

+ 16T (YeMuM g — v MaMip)1 021 (1)

I (try 1) = — fari " sh 21ido {Me? [(v — 1) 0?72 — 40128 +
+ M [—3(v—1) pP1i® — 2 (v —1)2 4 %50%1,® — 9/5piyt] +
+ MM [— 4 (v—1) pra— ™} 51 (k=1
R,
T (Tk) = § (o *wy (10, 'l'klo) + Traalix (T30, vulo)) rdr

where

4
Q (Try 7o) = — =1 [(v—1) (7% — 75%) (7k sinh Ticdo coh ol g —
— YacortYlg sinhYolo) -+ (Yi? + 1s2) (Yr simbYilocoshTely - 14 costply sinnTolo)] (4.7)
Mg = Aud1 (140) +AaxY 1(140),  Myo= AnY o (140) +Aux¥ o (1:0), lo=1] Ry

It may be shown that this system of linear algebralc equations 1is associ-
ated with a positive definite potential energy form ~ , and therefore, for
physically meaningful conditions, always has a solutlon.

We will now lnvestigate the structure of the system under conslderation
for € - 0 .

For this purpose, we wlll expand the coefficients in powers of ¢ . Thus,

I (T, 7o) = eV elo (T 70) + 1 (1hs 7o) + &2 Vela (1r, 7o)+ -+ (4.8)
I (tx, op) == &0 (1x, 5p) + &2 Vel 1 (T, 6p) + €31 (Tk, Sp) -+ - -

I (1k, 0p) = €? VS—IO (T, ©p) + €311 (1, 0p) + &° V8_12 (T, ©p) +- - -

I (ox, op) = €214 (oK, 6p) + &%I1 (S, 6p) + &*15 (Ok, Op) + - - -

I {6y, wp) = €31y (ox, 0y) + €41 (o), wp) + €315 (0k, @) 4+ -
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I (g, o) = ey (o, wp)+ el (0, 0,) -+ ellyo, o,) F---- (u.%)
T (1i) =& Vel (i) + &1y (1s) + € Vel o (i) + - - o

T (ox) = e*1'o(sr) + €Ty (50) + &'T2 (3) +- -

T (og) = T (o) + €T (0k) + &' Ts (05) - - -

Bi = Box + VeBu + eBay +- -

Cy=Cox + 'Vgclk + eCor ++--

Dy = Dy + VeDy+ eDox++ -

Here (4.9)
Lo (Ye, o) = — 16 (v — 1)(1 — )1/ 3(T— %) (sin2 /31T — %) S +

(k+£p} VB

§1 —
a2 /5T )
2
Lo 1 =0, Lo(oy o) = 40 (1 — 5 cos i sinb b > =
(k=p) (k=p)
2 1 PO, Y N l l
Io(Tk, 0p) = 96v (1 —+?) YorSop sin?® go; sinh 26y, _g coshY oy 7%

Ig

[(V ’1) (50)5 — 6039) ok 8 ()7" 605 Sop —'g' —

10 (Gk, Gp) = o 2 ya
(k7= p) (o™ — Gon)

lo ly°
~— Gop sh 250k *°°’h2‘50k ”“) + (S01® + G0p%) X
lo
X (Gok sinh 25 g — coshzuop . - Gopsinh 250y -——oosh250k ——~>] (cos® 6o — €08% Gyp)
32wy,? mmf
(mok - (’3 3)3

lo
— Q)Opsmhé(ﬂop —g—cosha(ﬂoh ~> —+ (@ex® 4 Do )><

Iy

Iy ;
To(0r, 0p) = [ — 1) (@l — k) (o san2000, o 20y, 22—

(k#p)

lo
X (0)01: sinh 200 —l~ °°*h2£00p + @ppsinh 2w0p - 5 om 200k —\] (sin® @gr — sin? wep)

I (0x, @) = 4on? (1 — sm* mo,f)mlmo,fl.
(k=p)
1
I
To (i) = { o (4 (v —1)v 4 210 (v — 1) 7ol s 3 —
-1

— 4 (V — 1) Trz1T ok oS ok -V‘ } dro

1
i
To (ck) = S [GZI*ka (Gok) sinhzdok i:—- + Trzillok (501:) 2601‘00!!12601; -éo—] dl'o (4.10)

i

1

l I/

To(on) = g [Gn*wok (o) sish 20y -;il + Traatlox (©ox) 2@qxcosh 2o *go] dro
-1
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An analysis of the structure of the system for ¢ - O leads to the con-
clusion that the first approximations of each group of coefficients 5,, ,
C,y, and D,, may be determined independently od each other, i.e. p,, may be
found from two equations; (¢,, may be obtained from a countably infinite
system of algebralc equations, and D,, may be obtained separately from
another countably infinite system

2

2 (BOpIO(Tk, Tp) — 1 s To(m)) =0 (=12 (4.11)
)
2, (Coolo(ox, 57) — g lolon) =0  G=t2...0 (412
2 (Doplo(@r, @p) — 5 Tol0)) =0 (k=1,2,...,0)  (413)
p=1

It should be emphasized that the determinations of pB,,, ¢,, and D,
invariably lead to inversion of matrices assoclated with Equations (4.11) to
(4.13). The elements of these matrices are independent of the type of load-
ing applied on the end faces TI';, so that the inverslon need only be carried
out once. For a semi-infinite cylinder, m,= exp(— y,() , the system of
equations is similar to Equations (%4.11) to (4.13), but the expressions for
I, and 7, are different

To (g, 75) = 82 (1 — ) (v—1) ¥ 3T — ) exp ( — 21/3_(1—_72)_%)

IO (Tky Tk) = O
(k=p)
2 l
I o] , = — 3 1 —_— 2 . Lo
0((kk=p)6k) 4601‘ ( 3 cos Gok) exp ( 460k 8)

320362

Iy (o, 0p) =— ok ‘op [V (Sox — Gop)? - 260k6
(k#:p) (Gok’—"gp)z(%k'—%p) (o 0p)? + 260k60p] X
X (c0s?6ox — c0s? 6op) €XP [—— (Sox + Sop) l—:]
:-32(;)0,3(00102

Iy (0, 0,) =
P
() (@1 — @) (g5 — Wgp

X (sin? wox — sin? @,p) exp {— (Wok + @op) l_:}

) [V (0ox — ©gp)® + 200xt0p] X

I, (mk, o) = — hwg,® (1 — -,i—sm2 mok) exp (-— 4ok —Ié"—) (4.14)

(k=p)

To(ve)=

1
= S {on* [4(v— 1)v 4 279? (v—1)ro] + 4(v—1) Trator} exp ( Tox

, Ve) dre
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1

l
_ * 0
To(ok) = § [621*Wor (Gok) — Trz1ttoxk (Sox) 250k] exp (- 260k ';) dry (4-15)
L1
1
, lo
T, (‘Dk) = g [0 *Wok (©or) — Trz1llok (wox) 2wox] exp (* 200k j;) dro
-1
It should be noted that Equations (4.12) and (4.13), using the definitions
given in (4.14) and (4.15) arise in plate theory; they may be colved by
truncation. Equations (4.12) are associated with bending, whereas Eauations
(4.13) are associated with the extension of a plate.

B of stresses on the oylindriocal doundary surfaces. Construc-
tion of 1mprov theories. So far we have investigated the homogeneous equa-
tions. However, the approach used in Section 1 permit:s the construction of
a solution if the cylindrical surface 1s loaded as well, provided that the
load 1s expandable in a Fourler serles. To 1llustrate thils approach, we will
find the solution corresponding to the kth harmonic of the external load and
satisfying the following boundary conditions:

O, (R, z) = 2GA cos ki, T,,(Ry, 2) = 2GB sin k{
g, (R, z) = 2GC cos ki, T,,(Ryy 2) = 2GD sin kg
This prodblem is of an auxilliary character; 1its solution may be written in

(5.1)

the LOrm b ) RO (v, ) u = (AP, (0, V. ©) + BPy (p, ¥: &) + CPs (0, ¥, ©) +
+ DP,(p, v, €)) cos k{ (5.2)
(R, /Ry) V'8 (y, &)w = (4Qy (p, ¥, &) + B Qa2 (p, Y g) + CQz (p, v, &) +
+ D Q, (p, ¥, €)) sin Af (5.3)
where vy =tk , ©® 1s defined in (2.1) and
Py = A J1(1p) — AyveJ0 (10) + Ay Y1 (1p) — Ay 10Y 0 (10) (5-4)
Qi=—Aulo(p)+ Ay A1 —v)Jo(rp) — P Ja(r -
— AgYo(1p) + Ay, [4(1 —v)Yolyp) —1PY1 (Y01 (5.5)

The quantities 4,, are obtained from Equations (5.4) to (5.7). Setting
g,=1n ,E:=7n(1 +¢) , we obtain

Apn =y {[Es+2(v =1 &Y (§) [ELa — 2 (v — 1) Lys] + &Y (Ea) [ErLog —
— 20— Lyl 20— EE W (&) +[E+2(v—1) 81 Yy (B} (5.8)

A =YV H{lE+2(v — 1) ) Y1 (8) Lu + &Y (82) Lo — 5ida™Y, (80}

Apg = — ¥ {8 +2(MV—1) 571 (8) [ELa — 2 (v — 1) Lyy] + EaTo (Ba) [E1Lgo —
=20 =) Ll +2(v—1)EE e (B) + (& + 2 (v — 1) &7 J1 (B}

Ag = — {5+ 2(v — 1) E7 Ty (&) Ly + Ealo (Ba) Lyp — &0 (E)}

= Y {¥y(§s) (82 + 2 (V = 1) 87 [(2v — 1) Loy + Eilnl + EYoe (Ba) [(2v — 1) Loy +-
+ Eilyol +2(v—1) —g—— Yy (€) B+ 2v — 1) 87— &Y (B) + &8, (B}

Ap =y {Y  (E) [Ea+ 2 —1) &) (B Ly — Lyy) + oY (§5) (B17Lyg — Leg) —
— Y, (B [E F 2 (v — 1) 7] —E71Y, (B}
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A= — v {1 () [E: + 2 (v — 1) &) [(2v — 1) Loy + &:Lp] + EaJ o (Be) [E1Lse +
+(2v — 1) Lyg]l 2 (v — 1) Eg 2 J; (&) [E1 + (2v — 1) E1 2] — B0 (B)+EeE171 Ty (B0}

Ap=—Y {1 () [+ 2(v— 1) E ] (87 Ly — Loy) + 82/ (Ba) (17 Lyg — Loo) —
— BV (E) L&+ 2 (v — 1) §7 — &7V, (B}

A=y {4+ 2@ —1)ENY, () [2(v— 1)L, — S2L1o) + S1Ye (B) X
X [2(v — 1) Loy — EsLgol + 2 (v — 1) £8,71Y (&) =[5 + 2 (v — 1) B} Yy (B,)}

Agg=— ¥ {[Er+2(v =15 Y1 (§) Ly + §Yo (§) Loy + 881715 (B)}

Apg=—yv{E+2v—-DENNLE) 2KV —-1)L, — E Lol + &0 () X
X[2 (v — 1)Ly — EaLgo] + 2 (v — 1) §;7280 (82} + [E + 2 (v — 1) 5172 4 (80)}

A=y {{& + 2 (v — 1) EM 1 () Ly + &0 (B) Loy + 58170 (8a)}

Ay = — v {Y (&) (B + 2 (v — 1) & [(2v — 1) Lyg + L] + &Y, (&) X
X {(2v — 1) Loy + EgLy ] — 2 (v — 1) §71Yy (§,) [Es + (2v — 1) §71] +
4 E1Yo (Eg) — BaBa7l Y (E2)}

Ay =¥ {Y1 (&) [E; + 2 (v — 1) §7 N (Lyo — &M yy) + E1¥0 (§) (Loo— §37'Lay) —
— 5 (&) [Ea 4 2 (v — 1) E;71] — &Y, (R}

A=y {1 &) [Ex +20v — D E @2y — 1) Lyg + EgLyy] + EJo (B0 [Eeloy T+
v — 1) Lyl — 2 (v — 1) E,70, (B2) [By +1(2v — 1) 7] + £ (Ba) — EaBa V1 (B}

Ay=—v{J E) [E+ 20 —1) 5] (Lyg — EgLyy) + EiJo (B0 (Loo — &2 L) —
— &V (B (&2 + 2 (v — 1) §;7Y] —Ei70, (E9)} (5.7

The exact solution thus obtained will be used to evaluate the accuracy of
applied theorles. Suppose that we are interested in some characteristic of
the preceding solution. For example, suppose that we are interested in the
behavior of u and w on the middle surface r = 0.5(R,+ R,) when the rela-
tive thickness of the shell ¢ -~ O . To determine this {;ehavior, we expand
8 , P, and Q. in power series of ¢ . Retaining terms up to a given power
of e 1in both the left and right sides of Equations (5.2) and (5.3), we can,
for the given loading on the cylindrical boundary surface, obtain relations
of the form

N N
u D) Ay (ik)eP = 3 (AP, (ik) + BP,  (ik)+ CPy, (ik)+ DP(ik)) e cos kl
o o (5.8)
w D) Ap® (ik)eP = 3} (AQ,, (ik) + BQ,, (ik) + CQgy (ik) + DQ,, (ik)) eP sin &,
p=1 =1
where A _* (ik), Py, (ik) and  Q,, (ik) are polynomlals in tk .

The smaller ¢X becomes and the larger we make ¥ , the more accurate
Equations (5.8) will be. It is readily seen that Equations (5.8) may be
obtained if we assume that y and w are found by means of some shell
theory which is given by Equations

; A (2 ) uer = % (p (_d_)c'(nl z) 4 P, (i_)r,;(nl,zw
El D (_‘—if) - 2 1p dc r ! D dc

+ Py (_;—C) o (Ru 2)+ Py (;f) e’ (R, z)) eP

(5.9)
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v v . &2
Ry (E)w‘e’p =2 (Qm (Eﬂ o' (B, 2)4Qyp (EE)T"‘ (R, 2)+

p=1 p=t
+ Qyp (;—Q) o (Az 2) + Qyp (?di) e (R z)) o

Clearly, the smaller ¢k becomes the more accurate Equations {5.8) and
{5.9) will bvecome, where & represents the end of the essential part of the
spectrum of external loading. Thus, we have developed a practical approach
to the construction of applied theories for cylindrical shells, Moreover,
Af more terms are retained in Equations (5.9) we will obtain a more acecurate
theory. Note that the preceding applied theories are intended only for the
balancing of stresses on the cylindrical boundary surfaces,

The balancing of stresses on the end faces 1s accomplished by the method
previously discussed in connection with the homogeneous equations. Never-
theless, the problem arises concerning the relationship between the edge
effects of the applied theories, Eguations (5.?), and the exact edge effects
obtained from the characteristic equation (2.1). Thus, if we seek & compli~
mentary solution of Equations (5.9) in the form i, w ~ ¥5, we obtain the
following equation in vy :

Py (1) = Ar'(1) e A0 (1) €4 .. 4+ Ay* (1)eN =0 (5-10)

From Equation (5.10) 1t is not difficult to find the first [#¥] terms in
the series expansion of the roots of the second group. The roots of the
third group which are associated with the 8t.Venant edge effects can not be
determized from Equation (5.10).

As a specific example of an applied theory based on Equations (5.9), we
develop the theory for ¥ = 4 . Thus

+5(v2——1)%]}u:§5—{<e [———4(v-«‘1)3%2]+e”[——2(v—-—j)2di£§]+
+e j“%'&%*'%(”"ﬁa%;ﬂ“g—(v“’l)z%]+84[~%(v-—1}%+%w—- 1)? X
x 3%2—3(\’—-«1)3;—;9@*(&, 2+ <s [—@(«;Mi)gﬂ +

+

3 d d3 1 d3 d 7 d3
-}- g2 uév(v—i);f+2(v-1)6@]+e3{-‘-”2“g§g——5v(v—1)d—g+"g (V""i)z?@}

& d 7 a1 @ 19 21>
e[z o o1 — = gp — 70— ~ e~

) d2 d?
X T,.,* (R, z)+<s ‘_4(‘\:-—1)&32‘} +82[——2(’V—-1)2;1_§“5‘]+
1 4 5 dt 1 dz2
o gam g =g T e 1P|t
d3 5 d4 d
~[—84[—-1~(v-—1)aﬁ +1_2(V_1)2“3“@}>5r*(1?2’ z)+<e [4V(V~1)E§]+

d3 1 d d 7 d3
+e2 “’““d‘;?]“shE@“é*‘””“"”'zf—‘g(v-*i)?a‘ﬁh
1 43 d 7 o3
+84['—“"§d§3—-\’(V——1) “J{“" 12 (V“ﬂ)dga'“

5 d3 1 5 1 AN AN
— o (= 1P s gy s — () g | et (B, )]
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{82[4(\*-"_1)&%]+83[_4(v2_1)%;]+54[_%‘%_%(vz_—“%_l_
+5(v2_1)£]}w:2%1—{<8[4v(v_1)[%]_{_62[__6‘,(‘,_1)%]_{_

: d 3 a7 s
+ss[8v(v—1)d—;—7(v—1)@—@ (v—i)zgg—s]Jr

4 1 &, 2 &5 s
+e‘[—10v(v—1)zg+§vd—€g+—1?(v——1)3;—3+%(v—1)‘=d,—?]>cr*(m,:)+

d? 5 d?
+<a [e(v—1)] € [—6(v—1)—2v(v—-1)@7]—{—83[8(\'—1)—{—3(\’—1)(1—;—_.4'

1 a1 d? -5 9 2
+§(V*1)d—g4+T(V—~1)2,7§]+84|_—T02‘?—10(V—1)—2(V—1)(7;?+
7 a 29 @ | 5 s
T =g~ _1_2_("_1)23;'7+ﬁ("_“2@]>7rl*ml’ 2+

+<8 [—4\’(\’-—1)71%]+e’[—-2v(v——1)di€]+33[%(v-—i)a%a§+%(v —1)’%]-}-

dd 7 a3 1 ds
+8‘|:-";—E+ﬁ(v——ﬂaﬁ"l-—2—(\'—1)3d—v]>6r‘(ﬂg,z)+ e[—4(v—1)] 4+
d2 7 ds 1 ds
+a’[2(v—1)—-—2v(v——1) EQ_Z]+83[_2(V_1)+—6— (v—1) ag -S—(V—i)zc—‘ +
1 ds 1 dé 17 ds
+T“"‘“’@]"‘“‘[Td—y +2v—)—p -+
7 d* 3 d2 5 ds
+ ETRM -‘1)@ -5 = 1)"1—;2 + o v—1p E]> T* (Ry,2)  (5.1)

For comparison, (5.12) gives a ¢ able form of Vliasov's theory, while
Novozhilov's theory 1s given in (5.13).

+30i—1) g5 ]} u= 3e {<e [~ 40— Do 0+ e [~vo—ng]+
+¢? [—;,— (v— 1):—;] +-et [— —;—(v —1)‘;”—;]> T (Rl,z)} (5.12)

SN S v ORI o N 25
+o[Fo—gE)e @+ he—+o3e—n+

+ 50—+ e[ - g =05 — 56 =] @)

felse—n Gl +e[-so—0 B]re[- T3 —n 5] -
- 735 {<8 [4(v— 1) %]> 6% (Ra, z) + <e [4v(v—- 1)7'2-]> T,.* (Ra, z)}



1238 N.A. Bazarenko and I.I. Vorovich

{82 [4(‘\*2—1) ;—gg] -I-e’[—lt(v’-——i) ad—gg] +B‘[— ';—% +3(v3—1) adgg]}w =
= -g—é{<e [—lw(v—l) %]>c,‘(R,, z) + <s [—4(v—1)-adf] =+
+ 33[— —g}— (v — 1)‘2‘[—;] + et [-:15— (v— 1):—;]> Tps* (Ra, z)} (5.13)

It can be seen that (5.11) coincide with (5.12) and (5.13) only in first
order terms.

The same conclusion follows from [7], where approximate differential equa-
tions for a cylindrical shell have been obtained in a different form.
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